reduced to a matrix equation, from which a dispersion relation for the eigenvalues is derived. In the limit of small betatron oscillation frequency, the present dispersion relation reduces to the well-known cubic equation of the one-dimensional theory in the limit of large beam size, and it gives the correct gain in the limit of small beam size. Comparisons of our numerical results with other approaches show good agreement. We present a handy empirical formula for the FEL gain of a 3-D Gaussian beam, as a function of the scaled parameters, that can be used for a quick estimate of the gain.
I . Introduction
It is widely known that transverse emittance and betatron oscillation can significantly reduce the gain in a Free Electron Laser{FEL) operating in the high gain regime before saturation, due to a spread in the longitudinal velocity of electrons. One approach to study these effects is based on an integro-differential eigenvalue equation involving the radiation field alone, derived by reducing the coupled Maxwell-Vlasov equations [l] .
However, inclusion of the emittance and betatron oscillation effects makes it extremely difficult to solve the equation exactly. Krinsky, Yu and Gluckstern [2] have proposed the variational method to solve the equation approximately. Giving up on seeking an exact eigenfunction, they replace it by a trial function and concentrate on solutions of eigenvalues. The principle behind this method is the fact that the error in the eigenvalue depends quadratically on errors in the trial function. However, one must prepare a "good" trial function, and in general, the accuracy of calculation is unknown.
In this paper, we present a new approach based on an orthogonal expansion of the electron distribution function. Starting with the Maxwell-Vlasov equations and equations of motion for an electron, we combine them into a single integral equation for the electron distribution function. The radiation field is expressed explicitly in terms of the Green's function of the inhomogeneous wave equation and the electron distribution function. The distribution function is then expanded around the unperturbed part in terms of a set of orthogonal functions determined by the shape of the unperturbed part. This expansion converts the integral equation into a matrix equation, from which a dispersion relation for the eigenvalues is derived. This dispersion relation has a form similar to that in plasma physics. The present method has the advantage that the higher-order terms in the expansion can be determined in a systematic fashion. It turns out that the series expansion of the perturbed distribution function by an appropriate set of orthogonal functions converges very quickly. As a matter of fact, one can obtain an accurate eigenvalue by taking only the lowest-order expansion term. Due to space limitations, here we briefly describe only the outline of the formulation and the results. Details of the formulation will be presented in a subsequent paper.
n, Vlasov Equation
We consider the electron beam moving in the z-direction with average energy ,.
through a periodic helical wiggler with wave number kw and field strength parameter K, We choose z, the distance from the wiggler entrance, as the independent variable.
After averaging over the fast wiggling motion, the transverse electron motion can be de- 
II(zp,pp,T,"{jZ), is then written as
where 10 is the unperturbed electron distribution. In this paper, we assume that the focusing in the wiggler is matched so that 10 is a function of pi + k%zi and "{ only, and we also assume for simplicity that 10 can be factorized as:
( 2) where 10 is normalized so that its integral over six dimensional phase space is equal to the total number of electrons. The equation of motion of T is given by
where c is the speed of light, kl = 2k.,,,{; /(1 + K2), and kp is the betatron wave number. 
Equation (5) 
where I",. is the Fourier-Laplace transform of It (rl:p,pp, T,,; z)
We have ignored the Fourier transform of the initial distribution at z = 0 in Eq. (7) for simplicity. (If we retain this term, the problem becomes an initial value problem.)
Since the betatron motion of the electron is a simple harmonic oscillation, it is natural to introduce polar-coordinates in the transverse planes as xp = r" cos q,,,, "' .
r",r y r",r y "'. 
The integral equation (13) can be solved in a general way as follows[3J. We expand the radial function R~,;,n) using orthogonal functions f~lml,lnl)(r"" r.) as " 00 
where C is a normalization constant to be chosen. The functions f~lml,lnD(r"" ry) are determined so as to satisfy the following orthogonality relationship
Using f~lml,lnD(r"" r.), we expand the Bessel functions as 00 Jlml(k",r",)Jlnl(k.r.) = L Cjml,lnl,k(k"" k.) . f~lml,lnD(r"" r.) . r1mlr~nl, 
The lowest-order term Cjml,lnl,o(k"" ky) has a simpler expression, since the corresponding lowest-order orthogonal function fJ1ml,lnD(r"" ry) is just a constant. In this case, the integration over the angle Or = tan-1 ry/r", can be carried out in Eq.(20), with the result,
where "Ok = tan- 
and the matrix elements are given by The matrix equation can be symbolically written as
where a is the vector of the coefficient aLm,n), I is the unit matrix, and the matrix elements of /3 and M are given by Eqs. (23) and (24), respectively. The nontrivial solution of Eq. (25) requires that
This dispersion relation gives eigenvalues q as a function of w or vice versa.
IV, The Lowest-Order Term
It is straightforward to seek zeros of the dispersion relation by computer and the computation requires little cpu time. Numerical studies show a quite rapid convergence of solutions as a function of the matrix size. As a matter of fact, we have found that one can obtain an accurate eigenvalue for the fundamental mode by taking only the lowestorder term m = n = k = 0 in both the azimuthal and the radial expansions (see Eqs. (12) and (16». In this case, an approximate expression for the dispersion relation can be written in a general form as In what follows, we write down the above equation in a more specific way for various models of fOl.(r). Longitudinally, we assume a Gaussian distribution with the rrns energy spread, u..,. It follows using Jo
Introducing fI. = iq/ kw, Eq. (32) is the cubic equation of the high gain regime.
In the limit of small beam size, I4J --+ 0, when (1., = 0 and kp = 0, the dispersion relation(28) also gives the correct asymptotic gain derived by Moore [5] . In this limit, the dispersion relation(28) when k = kl can be approximated by 
